In this paper, the electromagnetic scattering from a rectangular large open cavity embedded in an infinite ground plane is studied. By introducing a nonlocal artificial boundary condition, the scattering problem from the open cavity is reduced to a bounded domain problem. A compact fourth order finite difference scheme is then proposed to discrete the cavity scattering model in the rectangular domain, and a special treatment is enforced to approximate the boundary condition, which makes truncation errors reach O(h 4 ) in the whole computational domain. A fast algorithm, exploiting the discrete Fourier transformation in the horizontal and a Gaussian elimination in the vertical direction, is employed, which reduces the discrete system to a much smaller interface system. An effective preconditioner is presented for the BICGstab iterative solver to solve this interface system. Numerical results demonstrate the remarkable accuracy and efficiency of the proposed method. In particular, it can be used to solve the cavity model for the large wave number up to 600π.
Introduction
The scattering properties of open cavities are of high interest to the engineering community, with a number of applications including the design of jet engine inlet ducts and cavity-backed antenna for military and civil use. In this paper we mainly concern with the electromagnetic scattering from a two-dimensional large open cavity as shown in Fig. 1.1 . The ground plane and the walls of the open cavity are assumed as perfect electric conductors (PEC), and the interior of the open cavity is filled with non-magnetic materials which may be inhomogeneous. The half space above the ground plane is filled with a homogenous and isotropic medium with its permittivity ε 0 and permeability µ 0 . In this setting, the electromagnetic scattering by the cavity is governed by the Helmholtz equation along with Sommerfeld's radiation conditions imposed at infinity. A variety of numerical methods, including the method of moments, finite difference, finite element, boundary element method, and hybrid methods [3, 7, 9, 10] , have been developed to characterize the scattering from cavities. Some mathematical analysis and numerical treatments on the open cavities can be found in [1, 2, 5] .
However, the problem will be challenging when the wave number k is large, or the cavity becomes large compared to the wavelength of the fields, more precisely large ka, where a denotes the size of the computational domain, because of the highly oscillatory nature of the fields. For a large wave number, the phase error (pollution) of the computed solution obtained with low order discretization is large unless fine meshes are used per wavelength. See [22] for detailed information. A fine mesh would lead to a large system of equations which may be computationally prohibitive. For instance, a large cavity, 1m ×1m, with a centimeter incident wave, this condition means when choosing mesh density as 1/20 ∼ 1/40 of the wavelength, it will produce 10 8 unknowns in the discrete linear systems of the two-dimensional case. Many numerical approaches have been proposed to reduce the phase error. For example, the highorder finite element method was proposed in [7] ; the h-version and h-p-version finite element methods were proposed in [23, 24] . In [11] , a standard bilinear finite element together with a modified quadrature rule was used, which led to fourth order phase accuracy on orthogonal uniform meshes. The high order spectral method and compact high order finite difference method have been presented to solve the Helmholtz equation in [12, 13, [16] [17] [18] 25] . In [8] , a fully high-order finite element with curvilinear tetrahedral elements was developed to simulate the scattering by cavities. High order methods are attractive for solving the Helmholtz problem with the large wave number since they can offer relative higher accurate solution by utilizing fewer mesh points and spending less computational costs than the low order approaches.
For the cavity electromagnetic scattering problem, the accurate computation for the radar cross section (RCS) is of particular importance. Bao and Sun proposed a fast algorithm in [3] for solving the electromagnetic scattering from a rectangular cavity. Using the discrete Fourier transform in the horizontal direction and a Gaussian elimination in the vertical direction, the approach reduces the global system in the entire cavity to an interface linear system on the top line of the cavity with computational complexity proportional to the number of the unknowns by appropriate iterative methods in the source free case. This algorithm was further improved in [14] .
In this work, we propose a fast high order finite difference method for the scattering of electromagnetic plane waves by a two-dimensional (2-D) rectangular cavity in the infinite ground plane. According to the fact that a straightforward change of coordinates yields the equivalence of the large wave number and large cavity problems in current context, we emphasize the case in the large wave number in the discussion. In the cavity domain, the compact four order finite difference scheme is used for the discretization of the equation, and at the aperture, a fourth order approximation is also designed by a special technique. Following the work in [3, 14] , a fast algorithm, utilizing the discrete Fourier transform in the horizontal direction and the Gaussian elimination in the vertical direction, is presented to solve the resulting discrete system. An interface linear system is formed by reducing the global system. For relatively large wave numbers, the reduced interface linear system may be ill-conditioned. So we present an effective preconditioner for the BICGstab iterative solver, which further increases the performance and capability of our high order method. Numerical experiments are carried out to verify the efficiency of the presented high order method. The rest of the paper is organized as follows. In the next section, the scattering model from open cavity is stated and further is reduced to a bounded domain problem. In Section 3, the fast high order method is presented. Numerical experiments are presented to illustrate the competitive behavior of the method in Section 4. The paper ends with some conclusions in the last section.
Two-Dimensional Open Cavity Model
We consider the plane wave scattering problem by a open cavity embedded in an infinite ground plane as in Fig. 1.1 . The ground plane and cavity wall are perfect electric conductors (PEC). Assume that the medium and material is invariant in the z-direction. Throughout the paper, the media are assumed to be nonmagnetic, having relative magnetic permeability µ r = 1. The interior of the cavity may be filled with inhomogeneous materials having relative electric permittivity ε r (x, y). We are interested in the scattering of an incident plane wave by the cavity.
Let us denote Ω ∈ R 2 as the cavity embedded in the ground plane with boundary ∂Ω, which consists of the cavity aperture Γ and the cavity wall ∂Ω \ Γ. Let R 2 + be the region above the ground plane (x, y) ∈ R 2 : y > 0 . ∂R 2 + \ Γ is the ground plane without the aperture. For the transverse magnetic (TM) case, in which the magnetic field is transverse to the invariant direction and the incident electric field and the total electric field are parallel to the invariant dimension, i.e., E I = (0, 0, u i ) and E tol = (0, 0, u). By the electric continuity conditions, u vanishes on the cavity walls and on the ground plane except over the aperture Γ. The time-harmonic Maxwell equation is reduced to
together with the radiation boundary condition
where u s is the tangential component of the scattered field E S = (0, 0, u s ), and k 2 = ω 2 εµ = k 2 0 ε r µ r . We assume that ε = ε(y) only depends on the variable y. The fields are said to be source free if the source term f = 0. Assume that a plane wave u i = e i(αx−βy) is incident on the cavity from above, where α = k 0 sinθ, β = k 0 cosθ, and −π/2 < θ < π/2 is the angle of incident with respect to the positive y-axis. The scattered field u s can be expressed by u
By using the Green's theorem, we have
is the upper half-plane Dirichlet Green's function for the Helmholtz equation
where x = (x, y) and x ′ = (x ′ , y ′ ) denote source point and field point separately, andx ′ is the image of x ′ with respect to the real axis. By the boundary conditions and the field continuity, the total field u satisfies the condition on Γ ∂u ∂y
where
is called the nonlocal boundary condition or the transparent boundary condition, and g(x) = −2iβe iαx , x ∈ Γ. Consequently, the scattering problem can be reduced to a bounded problem:
In the TE case, the formulation process can be similarly deduced (see, e.g., [3] ), and the total field satisfies
where ⊗ denotes the tensor product (Kronecker product), I MN is the M N × M N identity matrix, and I M is the M × M identity matrix,
and
A M is an M × M matrix, and A N is an N × N matrix. a N and b N are also N dimensional vectors. f 0,: , f M+1,: and f :,0 , f :,N +1 denote the vectors when x = 0, 1 and y = 0, 1 respectively. For the tridiagonal Toeplitz matrix A M , we have
where S M denotes the discrete Fourier-sine transformation,
and S 2 M = I M . Using the discrete Fourier sine transformation, the discrete system (3.3) can be written as
S :,1 and S :,M are the first column vector and the last one of S M separately. Eq. (3.4) can be further rewritten as
where (I A ) ij = 0 except (
are the i1 and iM entry of the matrix S M . We use the forward Gaussian elimination method with a row partial pivoting to solve each system in (3.5). Let
be the LU -decomposition, where
is a symmetric tridiagonal matrix. The last equations of the system (3.5) can be written as
where α i is the last component of U i , β i is the last element of
and f iN is the right-hand term of the last systems of (3.5) multiplied by L
Fourth order approximation of the nonlocal boundary condition
Next we introduce the fourth order approximation of the nonlocal boundary condition. Using the Taylor expansion at (x i , y N +1 ), we can obtain
is the approximation of the hypersigular integration in (2.5a), and it can be calculated numerically (see in [15] ).
Assuming f is sufficiently smooth in Ω and adding the (3.2) on the boundary Γ, we have
which leads to a fourth order approximation expression for the boundary condition 8) or in matrix form
Multiplied by S M , the above equation will turn into
where u :,N +2 = S M u :,N +2 , u :,N = S M u :,N . Equivalent to the following equation
We can get the u :,N +2
u :,N +2 = u :,N + 2h
To eliminate the values of u at the ghost points, we add the difference equation on (3.2) at the boundary points (
or in matrix form
Multiplied by S M , we have
By eliminating the terms u :,N +2 from (3.15) with (3.12), we obtained a fourth order approximation of the transparent boundary Γ as follows,
The rest of the unknowns u i,: , i = 1, 2, · · · , M can be obtained by computing Eq. (3.5) with the solved u :,N +1 . Compared with the second order method in [3, 14] , the proposed approach has no increase in the order of the magnitudes in computation complexity, only some addition in the number of matrix multiplication.
Iterative solution
For relatively large wave number, the system (3.17) will become ill conditioned, which can not be solved by the direct method, such as Gaussian elimination because of the expensive computational spending. The classical iterative algorithms are also less efficient (see Section 4). Thus an effective proconditioner is needed for the iterative method.
Consider the coefficient matrix of (3.17)
Assume D G is the diagonal matrix composed by the diagonal entries of the imaginary part of G, and let the inverse of
be a proconditioner. Then the system becomes 19) where b denotes the right hand term of (3.17).
Numerical Experiments
In this section, we consider the plane wave scattering by rectangular cavities. Example 1 and 2 are the artificial problems, which are used to verify the convergence rate of our method. The practical physical model is presented in Example 3. We compute the monostatic RCS of both the unfilled cavity (ε r = 1) and the filled one (ε r = 1). The numerical results show the efficiency of the proposed high order method.
Example 1
An artificial example defined by (2.5a) with a cavity a = b = 1 to verify the accuracy of approximations. The f (x, y) and g(x) are chosen such that the exact function is u(x, y) = e xy sin k 0 x 2 sin k 0 2 + π 4 y , and g(x) is computed by g(x) = ∂u ∂n − I(u). Error measures in L 2 norm and L ∞ norm in the domain Ω are defined by
separately, where u h ij denotes the numerical solution at the point (x i , y j ). The solution at the aperture of cavity is more interesting for the calculation of RCS, so we also define the following error measures on Γ, To verify the effectiveness of the preconditioner M −1 , the eigenvalue distributions of the preconditioned coefficient matrix M −1 B for the cavity filled with the medium of ε r = 4 + i are shown for different wave numbers in Figs. 4.1 and 4.2. In Fig. 4.1, (a) and (c) show the eigenvalue distribution of unpreconditioned coefficient matrix with N = M = 128 for k = 2π and 16π respectively, and it can be seen that some of the real parts of the eigenvalues cluster around zero, and some are negative. This phenomenon is more obvious in Fig. 4.2 , which show the eigenvalue distributions of unpreconditioned (in (a) and (c)) and preconditioned linear system (in (b) and (d)) with N = M = 1024 for k = 100π, 300π. After making use of the preconditioner M −1 , in (b) and (d) of Figs. 4.1 and 4.2, the real parts of the eigenvalues of coefficient matrix are positive, and the ratio of the maximum and minimum of the eigenvalues, which denotes the condition number of the linear system, has drastically decreased. All of these have improved the convergence behavior of the iterative methods to a large extent. This can also be observed from Table 4 .1 in detail. The precondtioner is very efficient for cavity model with large wave numbers while using the non-preconditioning method a large number of iteration is needed to get the convergent solution, even the iteration is not convergent, e.g., for k = 300π with 512 × 512 meshes.
We testified the convergence order of the presented method in Table 4 .2, where we consider the case of empty cavity for k = 8π, 16π, 32π, 64π and the cavity filled with the medium ε r = 4+i for k = 4π, and the convergence order is taken as Order = log e h 1 e h 2 log h1 h2
.
It can be evidently observed that the proposed method is fourth order accurate. To be more precise about the convergence order, for k = 300π, ε r = 4 + i, we use a linear squares fitting to find the average order of accuracy using log(Error) ≈ Order log 1 N + C in Fig. 4.3 . We choose N = 384 + 128k, k = 0, 1, 2, · · · , 9. The order is found to be 4.8671 for e 2 (Γ) and 4.1006 for e 2 (Ω). We also consider the layered media defined by
The numerical results by the second order scheme and the proposed fourth order scheme are listed in Table 4 .3. It is observed that the proposed high order scheme yields nearly fourth order accuracy even without any treatment on the interface for the layered media. The reason may be that the constructed solution is very smooth, and the solution and its second order derivatives do not have jumps. As only the wave number k has jumps, the local truncation error is O(h 2 ) at the interface, but O(h 4 ) on all other points. So from the analysis in [21] , we know the convergence rate should be O(h 3 ) for a curve interface. However, as the interface is a straight line in our case, some terms will be canceled out during the Taylor expansion procedure. A similar higher order phenomenon was analyzed for one-dimensional problem in [4] . This may explain the observation of the convergence order higher than the theoretical estimate. Remark 4.1. If the second order derivatives of the solution have jumps at the interfaces of the layered media, both the second order and fourth order scheme will only result in the first order accuracy. The Helmholtz interior problem with this kind of solution has been considered in [26] .
Example 2
Another artificial example defined by (2.5a) with a cavity a = b = 1 is used to verify the accuracy of approximations. The f (x, y) and g(x) are chosen such that the exact function is
and g(x) is computed by g(x) = ∂u ∂n − I(u). In Table 4 .4, we report the results, including the errors and CPU time, for second order and fourth order computations with 4, 8, 16, 32, 64, 128 and 256 points per wavelength (λ/h) when k 0 = 8π. As seen in the table, the proposed method is fourth order accurate. The fourth order method obtained much more accurate solutions than the second order algorithm by costing almost the same CPU time with the same mesh density. The solution computed by the fourth order scheme with 16 points per wavelength is comparable to that computed by the second 
Example 3
Consider a plane wave scattering from a rectangular groove with 1 meter wide and 0.25 meter deep at normal incidence. We applied the presented fourth order scheme to discrete the model, and the precondtioned BICGstab method to solve the last linear system. The magnitude and phase of the field of the cavity filled with the medium ε r = 1.0 and ε r = 4.0 + i are given, and the interesting physical parameter, the radar cross section (RCS) is also computed in Fig. 4.7 , in which the numerical results by the fourth order method are compared with those results, indicated by 'o', obtained by the finite element method in [6] . For some large k such as 32π, 64π, the numerical results are given in Figs. 4.5 and 4.6, in which high oscillation of the solution is clearly displayed. Fig. 4.7 . The magnitude and phase of the aperture of electric field at normal incidence and the backscatter RCS for the empty cavity (εr = 1.0 ) and the filled cavity (εr = 4.0 + i) in the TM case when k0 = 2π.
Conclusions and Future Work
In this paper, a fast high order method has been presented for the analysis of the scattering from open rectangular cavities. In the interior of the domain, a compact fourth order scheme is used to discrete the Helmholtz equation, and a special treatment is enforced on the nonlocal boundary, which yields that the truncation errors in Ω reach O(h 4 ). The fast algorithm is presented to reduce the resulting discrete system to an interface linear system employing the discrete Fourier transform in the horizontal direction and the Gaussian elimination in the vertical direction. An effective preconditioner for the BICGstab iterative solver is proposed to improve the condition number of the interface linear system, which further raises the efficiency of the presented fourth order algorithm. Numerical experiments showed that the proposed method could obtain higher accurate solutions with less mesh points, which can lead to a remarkable saving in the computation cost. The scheme with about four points per wavelength sufficiently well approximate the oscillatory solution for the large wave number k, such as 400π, 500π. For the cavity model in which the second order derivatives of the solution are discontinuous in the domain, some special treatments on the interfaces between the layered media are needed to get the higher order accuracy, such as using the immerse interface method. It will be presented in our future work.
